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Thermodynamics of a nonionic sponge phase
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~Received 17 February 1999!

Different suggestions for the mechanism governing the narrow stability of theL3 ~sponge! phase have led to
a series of debates in recent years. There have been several models developed to describe such a mechanism
via thermodynamics. To date, experimental data are insufficient to test present theories. In this study, we revisit
the sponge phase with two series of thermodynamic data performed on the well-characterized
C12E5–n-decane–H2O system. These thermodynamic data sets stem from phase equilibrium and static light
scattering experiments designed to link system-specific parameters such as the temperature dependence of the
spontaneous curvatureHo and the two bending modulik and k̄, which have only been loosely connected in
earlier experiments. The use of a well-characterized system is important in that it allows usage of molecular
descriptors from earlier studies to reduce fit parameters. Another advantage for using this system is that its
phase behavior is analogous to a two-component system which, from an experimental standpoint, is more
practical to perform accurate measurements and, from a theoretical standpoint, more simple to model. In the
present investigation, we use these tools to quantitatively test parameters obtained by different experimental
techniques and assumptions inherited in theoretical models designed to interpret them.
@S1063-651X~99!02210-2#

PACS number~s!: 65.50.1m, 05.70.2a, 64.70.2p, 78.35.1c
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I. INTRODUCTION

Since the discovery of an anomalous isotropic liqu
phase in the Aerosol OT-water-NaCl system by Fontell so
25 years ago@1#, this phase has been found in a great vari
of amphiphilic systems@2–5#. Today, it is referred to as th
L3 ~or sponge! phase, and its structure has been deduced
small-angle neutron scattering~SANS! @6,7#, small-angle
x-ray scattering~SAXS! @8,9#, light scattering@10,11#, con-
ductivity @12,13#, self-diffusion NMR @14,15#, and visually
confirmed by freeze fracture electron microscopy~FFEM!
@16# to be a multiply connected bilayer structure that divid
a solvent into two interwoven labyrinths. Pictorially, it
envisioned as a spongelike fluid membrane. Its structure
sembles the bicontinuous microemulsion~monolayer vs bi-
layer! and cubic~ordered vs disordered! analogs; and usefu
structural analogies have been made between them@17–19#.
Early studies on theL3 phase have focused on its uniqu
properties such as the absence of long-range order@20#, ex-
istence at high dilution@12#, Newtonian flow behavior at low
shear@21#, and streaming birefringence at higher shear r
@22#.

Recently, there has been a number of studies explo
possible applications of the sponge phase, such as its u
a model structure for studying intracellular membranes~e.g.,
endoplasmic reticulum@23#, Golgi apparatus, and related m
crostructures! or as drug transport vehicles@24#. Despite the
broad research interests in theL3 phase, the fundamenta
thermodynamics that provides insights into its stability
less understood~there is an ongoing debate! and, thus, war-
rants further investigation.

There have been several models developed to explain
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physical phenomena surrounding theL3 phase
@3,4,18,25,26#. The success of these models relies on th
ability to provide adequate explanation for the unusually n
row stability range and transitions to neighboring phases
recent model@27#, based on the elastic curvature energy co
cept, has qualitatively captured these features. It, howe
has been under intense debate due to exclusions of s
terms and oversimplification of the sampling system, v
ignoring entropy and Gaussian curvature contributions@28–
31#. These issues form the basis of our present investigat

Taking the latter issue first, we begin our investigati
with a well-characterized system that contains three com
nents: a nonionic surfactant~C12E5!, an oil ~n-decane!, and a
solvent~water! @32#. The additive decane is water insolubl
thus yielding a similar phase behavior~lyotropic phase se-
quence! as its two-component analog C12E5-H2O @12# and
allowing it to be modeled as apseudo-binary system. A cross
section of this system is shown in Fig. 1 whereF5Fs
1Fo represents the total volume fraction of surfactant a
oil at fixed surfactant/oil ratio (Fs /Fo50.815). An equilib-
rium L3 phase at various concentrations is highlighted
filled symbols. A common observation in a two-dimension
phase diagram is that theL3 phase is found to be stable ove
a broad concentration range~in this case, surfactant and oil!,
but has a narrow stability range perpendicular to the dilut
path ~in this case, typically less than 1 °C!.

There are some important factors behind our decision
using this three-component system. First, we chose a n
ionic system to avoid complications with long-range elect
static interactions@33#. Secondly, the sponge phase at t
selectedT-F cut occurs at lower temperatures as compa
to its binary counterpart, C12E5-H2O. This is an advantage
but is not our reason for choosing a nonionic system si
there are more compacted nonionic surfactants which fo
L3 phases at a more suitable experimental temperature ra
4300 © 1999 The American Physical Society
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PRE 60 4301THERMODYNAMICS OF A NONIONIC SPONGE PHASE
Our compromise for a ternary system is that the C12E5 mono-
layer is simultaneously saturated in both oil and water. T
would allow us to use data from the microemulsion to redu
the number of fit parameters. As well, it would allow us
perform a comparative analysis between theL3 phase and
the well-studied droplet microemulsion (L1) phase occurring
at a lower temperature range for the same system~see Fig.
1!. It is well accepted that the spontaneous monolayer c
vatureHo is strongly temperature dependent for these n
ionic surfactants@17,34#. For this ternary system, we can u
the microemulsion to better characterize the temperature
pendence; while in the binary system, the functional form
more complicated and the temperature at whichHo50 can-
not independently be determined@35#.

With this system, we performed two series of experime
designed to elicit thermodynamic information on theL3
phase. The first is a series of phase equilibrium experim
where we carefully examine its uniquely narrow stabil
limits that extend over a broad concentration range. The
ond is a series of static light scattering~SLS! experiments
where we monitor the scattering intensity as a function of
scattering vectorq, temperature, and concentration. The
two data sets are designed to link together key syst
specific parameters such asHo, k, and k̄, which we will
discuss in detail later. Our objective here is to get all the d
on a quantitative level so that we can provide a se
consistent interpretation for these independently determ
data sets.

The outline of this paper is as follows. We begin with t

FIG. 1. T-F cross section of the C12E5–n-decane–H2O phase
prism ~adapted from Ref.@32#!. The T-F plane is at fixed
C12E5–n-decane ratio (Fs /Fo50.815). The phases shown are t
L3 ~sponge!, La ~lamellar!, L1 ~microemulsion!, I 1 ~cubic!, andH1

~hexagonal!.
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Experimental Section which describes the materials and
perimental setups. We move next to the Result and Disc
sion section where we briefly highlight key concepts of t
flexible surface approach, and lead from there to the revi
form of the free energy which now contains the Gauss
curvature and entropy terms. We then test this revised fo
by using it to analyze the phase equilibrium and light sc
tering data. We further test for self-consistency by perfor
ing comparative analysis between theL3 and L1 phase
~formed at lower temperatures!. Finally, we close the pape
with some concluding remarks.

II. EXPERIMENTAL SECTION

A. Materials

Penta-ethyleneglycol monon-dodecyl ether~C12E5!, with
a purity of 199% and a density of 0.9665 g cm23, was pur-
chased from Nikko Chemicals Co.~Tokyo, Japan!.
n-Decane, with a purity of199% and a density of 0.730
g cm23, was purchased from Sigma Chemicals~Steinheim,
Germany!. Both substances were used without further pu
fication. Millipore filtered water, with low ion concentratio
~2 mS cm21! and a density of 0.998 g cm23, was used as the
diluent.

B. Sample preparation

Samples were prepared by diluting a stock mixture
C12E5–n-decane (Fs /Fo50.815) with Millipore filtered
water. The samples were thoroughly mixed in theL1 andL3
phases. The sample tubes were then placed, fully submer
into a thermostatic water bath where we carefully look
the L3 /W and L3 /La phase boundaries. Crosspolarize
were used to detect birefringence in theL3-La transition.
The bath temperature was raised and lowered in increm
of 60.05 °C a few times to confirm the phase boundaries

Samples for the ‘‘fish’’ plot were prepared using equ
volumes ofn-decane and water and varying concentratio
of C12E5. The sealed sample tubes were fully submerged
thermostatic water bath and allowed to equilibrate un
phase volumes remained constant over a period of time
before, the bath temperature was raised and lowered a
times to confirm the phase boundaries.

C. Static light scattering

Static light scattering measurements were performed o
commercial goniometer system~ALV/DLS/SLS-5000F
monomode fiber compact goniometer system equipped w
an ALV-5000 fast correlator!. There have been a number o
modifications done on this setup, some of which include
broader temperature range~26–220 °C! and an improved
temperature stability~60.01 °C for several hours!. Two cy-
lindrical scattering cells~8 and 4.2 mm inner diameter! were
used to correct for sample transmission and to demons
the absence of multiple scattering. Scattering cells were fi
with a minimum amount of sample~approximately 10 mm in
height! and sealed with a Teflon plug that nearly touched
meniscus of the sample. Such preparation minimizes
temperature gradient in the cell—a necessary procedur
get accurate light scattering measurements on the narrowL3
phase.
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Measurements were performed as a function of scatte
angleu, from 15°<u<150° in increments of 2°. Ten mea
surements in intervals of 10 s were averaged for each an
The data were then corrected for background scattering~cell
and solvent! and converted to absolute scattering intensit
via DR(q), the ‘‘excess Rayleigh ratio.’’ Toluene was use
as the reference solvent. The excess Rayleigh ratio was
culated using

DR~q!5
^DI ~q!&

^I ref~q!&
RrefS n

nref
D 2

, ~1!

where^DI (q)& and^I ref(q)& are the averaged excess scatt
ing intensity of the solution and the averaged scattering
tensity of the reference solvent,Rref539.631024 m21 is the
Rayleigh ratio of toluene,n@5nw1F(dn/dF)# andnref are
the refractive indices of the sample and reference solv
dn/dF(50.11) is the refractive index increment, andq
54pn/lo sin(u/2) is the magnitude of the scattering vecto

This procedure was repeated at other temperatures in
the L3 . For the most part, we initiated measurements at
lower phase boundary and stepped 0.05 °C until theL3 /W
coexistence phase boundary was reached. The two-p
boundary was confirmed by visual inspection at the menis
of the sample and by the distinctively different scatteri
profiles.

III. RESULTS AND DISCUSSION

A. Free energy model

As outlined above, we have quantitative data from ph
equilibrium and from light scattering experiments for t
same system measured under compatible experimental
ditions. Both data sets are thermodynamic in nature and
pend on the free energy of the system. As such, we
interpret these experimental results by formulating a free
ergy expression containing parameters relating to both
sets. This approach, as we will show, allows the use of m
lecular descriptors from the oil-in-water droplet microem
sion (L1 phase, occurring at a slightly lower temperature! to
reduce the fit parameters. In principle, this phase can be
scribed within the same model provided that the difference
spontaneous curvature is taken into account.

We begin with a brief overview of the flexible surfac
model. Its application to surfactant-oil-water systems ba
cally consists of an interfacial description focusing on a c
vature free energy density of the polar-apolar interface.
lowest order in curvature, it is commonly written as@36#

gc52k~H2Ho!
21k̄K, ~2!

whereH andK are the local mean and Gaussian curvatur
respectively.Ho, k, and k̄ are three system-specific param
eters:Ho is the spontaneous curvature,k ~>0! is the bending
rigidity of the film, and k̄ is the so-called saddle spla
modulus—the sign and magnitude of which represent
preferred topology of a curved surface. As a sign convent
we adopted the curvature towards oil as positive. For a gi
film configuration, thetotal curvature free energyGc is ob-
tained by integrating the curvature free energy density o
the interfacial area:
g
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Gc5E gcdA. ~3!

In a series of papers@27,37–39#, we have argued in favo
of a free energy per unit volume for the sponge and balan
microemulsion phases to be of the form

G/V5a3F31a5F5, ~4!

whereF is the volume fraction of the surfactant film. A term
linear inF is omitted since it can be included in the standa
free energy. The leading cubic term emerges from the P
et al. @25# general scaling argument based on the length s
invariance of the curvature energy atHo50. In practice, to
be able to account for the finite swelling of the sponge a
microemulsion phase thea3 term needs to be negative and
positive higher-order term, which by symmetry is quintic
F, is needed to provide stability at higher concentrations
the microemulsion case, the coefficienta5 can be obtained
by expanding the free energy density to fourth order in c
vature. In the bilayer structure of the sponge phase, howe
a term quintic inF is obtained by evaluating the free energ
density, Eq.~2!, at the two oppositely oriented monolayer
The use of a monolayer description for bilayer structur
e.g., the sponge phase, might appear unwarranted but h
fact several advantages. An important advantage is be
able to use the same formalism for all structures in
surfactant-oil-water phase diagram. This is very useful
that a direct comparison between monolayer and bila
structures is possible and that the general behavior ofHo
becomes much more apparent. A possible weakness in
plying Eqs. ~2!–~4! to the sponge phase may be that th
approach captures only one out of several unknown con
butions to thea5 term. For the present system, these ter
appear to be of minor importance, if not negligible.

In a previous paper@40#, we have proposed that the im
portant driving mechanism for creating the sponge phas
that its complex topology, characterized by a negat
Gaussian curvature, is represented by a negative mean
vature at the polar-apolar interface. As such, the curva
energy is minimized with respect to the mean curvat
when the spontaneous curvatureHo is negative. In this de-
scription, coefficientsa3 anda5 are of the forms@27#

a35
2kHo

l 2 ~5a!

and

a55
k

2l 3 , ~5b!

where 2l is the bilayer thickness. The terms in Eqs.~5a! and
~5b! arise from a bilayer geometry modeled as parallel s
faces. An important property here is that the mean curva
of the monolayers is concentration dependent@40#, i.e.,

^H&'2
F2

2l
. ~6!
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PRE 60 4303THERMODYNAMICS OF A NONIONIC SPONGE PHASE
From this basis, we extend the general form of Eq.~4! to
include a Gaussian curvature term and an entropy term.
Gaussian curvature term has a similar scaling as^H& and is
of the form @40#

^K&'2
F2

2l 2 . ~7!

Its contribution to thea3 term is @41#

a3,Gauss52
k̄

2l 3 . ~8!

The entropy term is more difficult to determine. We, ho
ever, can approximate it using the ideal scaling argum
which leads to

2
TS

V
5

Ae

l 3 F3, ~9!

whereAe is expected to have a negative sign such that
entropy density increases with increasing concentra
@38,42#. This term is analogous to the undulation contrib
tion to the free energy of a lamellar phase, except for the s
of the numerical coefficient. ParameterAe depends explicitly
on the elastic modulik andk̄ and is expected to decrease
magnitude whenk increases—again analogous to the lam
lar phase.

The addition of the Gaussian curvature and entropy te
to a3 leads to the free energy density expression of the fo
@43#

G/V5
k

2l 3 ~4lH o1a!F31
k

2l 3 F5, ~10!

where

a5
2Ae2k̄

k
. ~11!

B. Temperature dependence ofH o

We have performed experiments over a relatively narr
temperature range between 39 and 43 °C. In these ex
ments, the system is unusually sensitive to temperature;
this temperature dependence is reflected in the tempera
dependence of the free energy. A number of experime
studies@17,34# performed on nonionic systems containin
alkylpolyoxyethylene glycol ethers have demonstrated t
this temperature dependence is related to changes in
spontaneous curvatureHo. Over a small temperature rang
kT varies marginally and, thus, the temperature depende
in the first order of the elastic moduli can be neglected
Taylor expansion about the phase-inversion tempera
~PIT! yields

Ho~T!>
dHo

dT U
To

~To2T!1¯'b~To2T!, ~12!

whereb is a temperature coefficient andTo is the tempera-
ture at the balanced point whereHo50. Phase equilibrium
and direct radius measurements of microemulsion drop
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indicate that this linear term adequately accounts for the t
perature dependence ofHo—covering as large of a tempera
ture range as620 °C around the PIT.

With Eqs. ~10!–~12!, we can now group the phase equ
librium and light scattering results for a unified interpret
tion. There are four undetermined parameters~a, b, k, and
To) in these equations, all can be accessible by experime

C. T0 determined at the phase-inversion temperature

The value ofTo at which H050 was independently de
termined from a Kahlweit-~‘‘fish’’ ! plot @44#, where the
phase equilibria of the same system containing equal
umes of oil and water was monitored as a function of te
perature and surfactant concentration. The experimental
are shown in Fig. 2. Within the flexible surface model, t
microemulsion phase containing equivolumes of oil and w
ter has its maximum swelling atHo50. For the present sys
tem, this occurs atTo538.3 °C.

D. Membrane characteristic length and volume fraction

For curved monolayers, it is important to specify the i
terface where area and curvature are evaluated. Studie
nonionic systems have demonstrated that the polar-apola
terface separating the alkyl and penta ethylene oxide blo
of C12E5 is neutral, i.e., its area does not depend on
curvature. Based on these findings, we define the effec
membrane~bilayer! volume fraction for the present syste
as

Fm>0.5Fs1Fo50.775F, ~13!

whereF(5Fs1Fo) and the subscripts denote the volum
fractions of surfactant and oil, respectively. The term 0.5Fs
arises from the fact that the alkyl chain volume correspo
to about half of the total molecular volume of the C12E5

FIG. 2. Kahlweit plot illustrating an independent measurem
of the temperatureTo whereHo50. To is found to be 38.3 °C at the
phase-inversion temperature~PIT! marked by a filled symbol. A
lamellar phase commonly found at higher surfactant concentra
is not shown since it is outside the scope of this study.
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molecule. For the present system, theFm in Eq. ~13! is the
volume fraction that enters the free energy density exp
sion. The volume of a C12E5 molecule is approximately 700
Å3, and the area it occupies at a defined polar-apolar in
face in the C12E5–n-decane–H2O system is 48 Å2. For the
present surfactant/oil ratio, this results in a bilayer thickn
of 50 Å; hence the value ofl that enters the free energ
density is 25 Å.

E. Thermodynamic data from phase equilibrium experiments

L3 phases are generally narrow as compared to o
phases~Fig. 1!. This is particularly true in our cut of the
C12E5–n-decane–H2O phase prism, where theL3 has a
width of approximately 0.5 °C~Fig. 3!. Such narrow stability
requires careful and accurate determination of the equ
rium phase boundaries such that the data collection in S
experiments could be optimized to yield a more accur
value of k, i.e., through fits to a model. Another matter
importance is to keep the membrane composition cons
for all experiments. This was done by preparing a stock
lution containing a fixed ratio of C12E5/decane and diluting
it with water to get different compositions. These procedu
are necessary for minimizing experimental errors so that
data from different experiments could be compared o
quantitative level and for checking consistency in their int
pretation.

As shown in Fig. 3, the upper temperature limit of theL3
phase is marked by a phase separation with predomina
pure water. Equilibrium with pure water implies that the w
ter chemical potential of the sponge phase is equivalen
that of the reference state~pure water!. In other words, the
osmotic pressureP5Dmw /nw is zero. This is related to the
free energy as

P5F
]

]F
~G/V!2G/V, ~14!

FIG. 3. TheL3 phase investigated in this study is stable with
a narrow temperature range. Beyond this stability range, the sp
phase coexists with a dilute solution at higher temperature,
lamellar phase at lower temperature. The membrane volume
tion Fm is based on the description presented in Sec. III D.
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and solving Eq.~14! for P50 givesTL3 /W as a function of
the bilayer volume fraction:

TL3 /W5
Fm

2

2lb
1

a

4lb
1To. ~15!

Equation~15! explicitly shows that a plot ofTL3
versusFm

2

is expected to yield a straight line and that parametersa and
b can be obtained from a least-squares fit. Figure 4 illustra
such a plot, and linearity~dashed line! is found over a sub-
stantial concentration range. The best fit yieldsa50.089 and
b54.883106 K21 m21.

It is clear that there are deviations from linearity at low
concentrations. This nonlinear behavior can be attributed
the finite monomer solubility that prevents theL3 phase from
swelling infinitely. If the surfactant monomer concentratio
in the excess water phaseW is slightly higher than in theL3
phase, this results in an osmotic stress on theL3 and pushes
the phase boundary to a higher concentration. If we cons
a constant excess monomer pressure in the water phase,PW ,
we can solve for a more general case using

P52a3Fm
3 14a5Fm

5 5PW , ~16!

from which the phase boundary temperature is given by

TL3 /W5
2Fm

2 1a

4lb
2PWS l 2

4kbFm
3 D 1To. ~17!

Substituting into Eq.~17! the values fora and b from
above andk52.5kT from static light scattering measure
ments~discussed below! leavesPW as a single fit parameter
The best fit ~solid line in Fig. 4! yields PW'2.06
31029 kT m23. This value is small; and if we treat it a
surfactant monomers in an ideal solution, i.e.,PW5cskT,
we find that it corresponds to a surfactant concentrationcs

ge
d
c-

FIG. 4. Plot of T vs Fm
2 . ExperimentalL3 /W coexistence

boundaries are represented by open symbols. The best fit using
~15! yields a58.9031022 and b54.883106 K21 m21 ~dashed
line!, and the best fit using Eq.~17! yields PW52.0631029kT
~solid line!.
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PRE 60 4305THERMODYNAMICS OF A NONIONIC SPONGE PHASE
5231026M , which is an order of magnitude smaller tha
the critical micellization concentration~CMC! of the surfac-
tant, 631025M . Thus, by factoring in the finite pressure
the water phase we can account for the phase boundary
the entire concentration range. The actual value ofPW is not
so important here since it is very small and that a sm
amount of impurity can induce such an effect. What is i
portant is that the overall result is clear: At low concent
tions, the osmotic compressibility becomes very high su
that the phase boundary becomes sensitive to minor pe
bations. This effect is expected to be dominated by the
factant solubility since it is close to two orders of magnitu
higher than the oil solubility in water.

F. Thermodynamic data from static light scattering
experiments

Static light scattering experiments were performed on fi
different concentrations ranging fromFm50.071 to Fm
50.262. For each concentration, measurements were m
at four to six different temperatures inside theL3 phase.
Figures 5~a! and 5~b! are two representative plots o
1/DR(q) versusq2 for the most diluted and concentrate
samples, respectively. The data were fitted with the Ornst
Zernike form based on the Lorentzian scattering law

1

DR~q!
5

1

DR~0!
~11q2js

2!, ~18!

whereDR(0) is the excess Rayleigh ratio at zero wave v
tor (q50), andjs is the static correlation length. For dilut
samples, linear fits were made using only data in the Gui
~low q! limit, see Fig. 5~a!. For concentrated samples, fi
were made using data in the fullq range, see Fig. 5~b!. Ex-
trapolated values ofDR(0) are presented as a function of th
temperature in Fig. 6. An important feature here is the str
temperature dependence of scattered intensity.

There is a direct relationship betweenDR(0) and the free
energy density@Eq. ~10!# i.e.,

DR~0!5xkTF]2~G/V!

]Fm
2 G21

, ~19a!

with

x5
4p2nw

2

lo
4 S dn

dFm
D 2

, ~19b!

where nw is the refractive index of water,dn/dFm is the
refractive index increment, andlo is the wavelength of the
incident light in vacuum. A value fordn/dF(50.11) has
been determined previously at 25 °C@45# and is not expected
to vary significantly with temperature. We can use this va
as follows:dn/dFm5(0.775)21(dn/dF). From Eqs.~10!–
~13!, ~19a!, and~19b!, we get the forward scattering intensi
as a function of temperature:

DRo~T!5
kT

k F x l 3

3Fma112Fmlb~To2T!110Fm
3 G .

~20!
ver
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From SLS experiments, we obtained 25 independent m
surements of the scattering intensity.

Instead of making a global three-parameter fit, we cho
to implement our predetermined parametersa and b from
the phase equilibrium experiments, which leavesk as the
only adjustable parameter. For five different concentratio
the best fits using Eq.~20! yield a value ofk52.5kT ~solid
lines in Fig. 6!. An important feature here is that this sing
fit parameter describes both the concentration and temp
ture dependence of the forward light scattering data. Th
are nontrivial properties of the free energy expression,
~10!, and provide strong support for this approach. Ear
light scattering measurements onL3 phases were compli
cated with large errors contributed by less precise exp
mental conditions and, therefore, cannot be used to test
energy expressions. In the present study, this matter has
resolved as evidenced by the quantitative agreement betw
parameters from phase equilibrium and light scattering
periments.

FIG. 5. Static light scattering spectra plotted as 1/DR vs q2. ~a!
For dilute samples, fits using Eq.~18! were made in the low-q limit.
~b! For concentrated samples, linear fits were made over the e
q range.
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The results up to now indicate that the free energy of
~10! coupled with the well-accepted linear temperature
pendence ofHo @Eq. ~12!# successfully and self-consistent
describes both the phase equilibrium with excess solvent
the forward light scattering of theL3 phase. In the analysis o
these experiments, we obtained values fora, b, andk, the
former of which contains both the Gaussian curvature
entropy terms and was found to be small. This small va
can be considered as a minor offset of the spontaneous
vature. The omission ofa in previous studies@27,39# is,
therefore, not a serious error.

We can now proceed and compare these results with
viously published data on the droplet microemulsion (L1)
phase of the same system occurring at lower tempera
Such a comparison would provide additional means to
the free energy and a complementary set of thermodyna
data to determine the contributions ofk̄ and Ae to the pa-
rametera. Before proceeding with that, we need to analy
the uncertainties in the obtained parameters. This is imp
tant when comparing between different experiments.

G. Uncertainties in experimental methods

By combining the phase equilibrium and light scatteri
results, we have arrived at a set of fitted parameters that e
the free energy expression. The accuracy of these param
depends both on experimental uncertainties and on assu
tions inherent in Eq.~10!. The fact that we get a consiste
interpretation of the experimental data using Eq.~10!
strongly indicates that the functional form is correct. The
remain, however, uncertainties in coefficientsa3 and a5
which may introduce another uncertainty in the evalua
parameter values; these are needed for a quantitative i
pretation.

From the part of the curve in Fig. 4 which yields a straig
line, we can determine the slope with a relative accur

FIG. 6. Temperature dependence of the Rayleigh ratio at z
scattering vector (q50). Shown are experimental data points~sym-
bols! and theoretical calculations~solid lines!. These calculations
are based on Eq.~20! where fits were individually performed fo
each concentration. The bending modulusk was determined from
best-fit results to be 2.5kT (610%); andthis value was used to
get the calculated curves.
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better than 5%. In the free energy expression, this slop
exclusively attributed to the temperature dependence of
spontaneous curvature through the coefficientb. This is cer-
tainly the dominant contribution, but in arriving at Eq.~15!
we have made a number of assumptions which may in
duce some systematic errors inb. We have littlea priori
knowledge concerning contributions of the temperature
pendence toa3 anda5 except for the fact that the effects o
Ho dominate. However, if we make a simple assumption t
these contributions are proportional toT, as is the entropy
contribution, then we expect a 1% change over a 3° chan
Factoring this error into botha3 anda5 , we get a correction
of less than 5%. There is also an experimental uncertaint
the monolayer thicknessl 5(2562) Å, which is also a part
of the slope and needs to be considered. This error introdu
another 8% uncertainty inb. From this, we conclude tha
b(54.883106 K21 m21) is reasonably accurate in that th
combined uncertainty is within615%.

From the phase equilibrium data, we can also determ
the contribution ofa to the coefficienta3 . In Fig. 4, The
primary fit parameter is the intercept of the straight li
where the numerical accuracy is within60.2 °C. To obtain
a, we use the balanced temperatureTo from the microemul-
sion that was measured with an accuracy of60.1 °C. There
is an assumption involved in treatingHo as a field variable;
that is, Ho is dependent only on temperature and not
composition. Considering the amounts of oil and wa
present, the C12E6 monolayer is equally saturated with so
vents in theL3 phase as it is in the balanced microemulsio
The temperatureTo determined in the balanced microemu
sion is, therefore, not expected to differ significantly fromTo
at the lower surfactant/oil ratio that we have in theL3 phase.
Hence, we only expect a random uncertainty in the fit
parametera(50.089) to be within615%.

The bending rigidityk was determined from the ligh
scattering data to be 2.5kT, corresponding to 1.1310220 J
for a mean temperature in the experimental range 39–43
The uncertainty in the fits is within610%. The parametersa
and b that enter into the expression forDR(0) were deter-
mined from the slope in Figs. 5~a! and 5~b! and do not give
rise to any substantial uncertainty ink. However,DR(0) is
proportional to the third power ofl which carries a 10%
uncertainty and, thus, introduces a 30% uncertainty ink.
Additionally, there is a systematic uncertainty due to t
choice of thea5 coefficient which can be obtained from
more abstract analysis using the light scattering data. O
contributions toa5 are expected to be positive such that t
value fork is smaller. At the present time, we do not have
accurate estimate for the magnitude of this correction wh
would lead to a more precise interpretation ofa.

H. Comparative analysis with the droplet microemulsion
phase

As shown in Fig. 1, this system has a microemulsi
phase (L1) in the temperature range between 25 °C a
32 °C where the structure is sensitive to temperature, i.e.,
mean curvature is decreasing with increasing temperature
the vicinity of the lower phase boundary the structure is t
of spherical oil droplets with an average radius of 75 Å@46#,
a value measured at the neutral surface~enclosing oil and the

ro
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surfactant alkyl chains, see above!. The spherical shape cor
responds to the maximum curvature towards oil constrai
by a constant area-to-enclosed volume ratio, i.e., at fi
Fs /Fo ratio. Below the temperature of 25 °C, the sponta
ous curvature is increased and phase separation occurs a
result of spherical droplets decreasing their radius and ex
ling oil to the excess phase. This scenario was analyzed
Safran and co-workers and has since been referred to a
emulsification failure@47#. We can draw an analogy betwee
the droplet/oil coexistence and theL3 /W coexistence since
both regulate the monolayer curvature through the solv
concentration.

The free energy for a dispersion of spherical droplets
be written as

G/V5Gc /V1Gmix /V, ~21!

whereGc is the curvature energy part andGmix is the mixing
or translational entropy. The curvature energy part is of
form

Gc /V5
4pF

nmic
@2k~12RHo!

21k̄ #. ~22!

The droplets interact as hard spheres@48#, and from the
Carnahan-Starling equation of state we have

Gmix /V5
FkT

nmic
F lnS F

nw

nmic
D211

4F23F2

~12F!2 G , ~23!

which reduces to ideal mixing at lowerF. Here,nw andnmic
are the water and micellar volumes with the latter given
nmic54pR3/3. For simplicity reasons, we have ignored m
nor contributions from size and shape polydispersities. T
monodispersity approximation is analogous to the appro
mation in theL3 phase analysis where the curvature prop
ties are based on the assumption that the midplane of
bilayer lies on a minimal surface of zero mean curvat
everywhere.

For theL3 phase, the upper phase boundary is charac
ized by the zero water chemical potential. Analogously,
lower phase boundary of the microemulsion phase is cha
terized by zero oil chemical potential. Solving Eqs.~21!–
~23! for mo50 gives a relation between the sphere rad
and the spontaneous curvature at the emulsification fai
boundary as

RHo511
k̄

2k
1

kT

16pk F2 lnS F
nw

nmic
D1

5F2F2

12F G .
~24!

The temperature of the lower phase boundary of theL3
phase has a very weak concentration dependence in the
centration range 0.01,F,0.4 arising from the fact that the
entropic contribution toRHo is dominated by the slowly
varying ideal mixing part lnF. Numerical calculations show
a significant concentration dependence only forF,0.01 and
that in the range 0.01,F,0.4 the entropic contribution is
essentially a constant offset, which is approximat
20.5kT/k. Since the sphere radius is known, we can cal
lateHo at 25 °C using theb value obtained in the analysis o
theL3 phase boundary. Doing so, we obtainHo

215154 Å, a
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value that is approximately two times the sphere radius,
an approximate relationk1k̄'kT. Substituting in k
52.5kT, we obtaink̄521.5kT.

Consistency between the descriptions of theL3 phase and
the microemulsion droplet phase can further be tested. In
earlier study, Rajagopalanet al. @49# have analyzed the in
fluence of charged droplets on the phase equilibria wher
was found thatkb5(460.5)310214J K21 m21 and 2k
1k̄5(1.260.4)310220 J, corresponding to 2.8 kT at 31
K. The value for the productkb obtained from the presen
analysis of theL3 phase is slightly larger, (5.060.6)
310214 J K21 m21, but is in reasonable agreement cons
ering the error involved. The value of 2k1k̄ gives us an-
other opportunity to estimatek̄, i.e., subtracting 2k55.0kT
gives k̄522.2kT.

There is another experiment which contains informat
on the elastic moduli. Sottmann and Strey@50# have recently
measured the interfacial tensiong between the droplet mi-
croemulsion phase and the excess oil phase for a large n
ber of systems including the present one. The lowest te
perature investigated was 28 °C, but can be extrapolate
25 °C. Doing so, we obtaing5231024 N m21. The sim-
plest quantitative interpretation of this interfacial tension
volves a transformation from the spherical droplets of rad
R to the flat interface between the microemulsion and the
phase. Taking into account only the curvature free ene
@34#,

g5
2k1k̄

R2 , ~25!

and inserting the values forg and R yields 2k1k̄52.7kT,
which agrees well with the value obtained from the study
charged spheres. The curvature free energy is clearly
dominant contribution to the interfacial tension, but is not t
only one since including the entropy of mixing in the ana
sis would lead to a slightly higher value of 2k1k̄. Our
analysis shows that the two values of 2k1k̄, obtained from
two very different experiments, are in agreement with o
another.

I. Final estimates of phenomenological parameters

By combining the present experimental results with p
vious investigations, we have arrived at estimates for
constantsb, k, and k̄. All these estimates contain error
contributed by experimental uncertainties and systematic
rors introduced by simplifying assumptions in theoretic
models which relate, on a quantitative level, to the expe
mental data and constants yet to be determined.

Fortunately, a coherent picture emerges when combin
the different approaches. From all the data that we co
gather for this system, we can summarize by providing
jectively best estimates for

b553106 K21 m21, ~26a!

k51310220 J ~2.5kT at 298 K!, ~26b!

k̄528310221 J ~22kT at 298 K!, ~26c!
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where the top two are reasonably accurate~620%! while the
uncertainty ink̄ is larger (62310221J).

From the value ofk̄, we can also estimate the entrop
contribution Ae to the a3 term of the free energy density
This carries a large uncertainty over toAe . The parameter
a5(2Ae2k̄)/k was determined to be 0.089. This sm
value implies thatAe and k̄ are similar in magnitude, bu
with k̄,2Ae since a is positive. If we use the valuesk
52.5kT and k̄522kT, we obtain an estimate forAe
520.9kT. This could be compared with the value20.03kT
obtained from a random mixing of lattice sites of sized,
whered'3l /F is the characteristic pore size of the mem
brane structure@42#. The difference, although being an ord
of magnitude, can almost be accounted for by the experim
tal uncertainty. A more systematic study extending to ot
systems is needed to better understand the entropy termAe .

IV. CONCLUDING REMARKS

The thermodynamics of a nonionicL3 phase has bee
analyzed using the flexible surface concept. ThisL3 phase
contains three components, but can be modeled as apseudo-
binary system since the additiven-decane is insoluble in wa
ter, i.e., the solvent is a single component and the bila
contains only water insoluble components. As demonstra
this plays an important role in the analysis of the phase e
librium and static light scattering experiments using the f
energy density of the form shown in Eq.~10!.

The present system also contains a droplet oil-in-wa
microemulsion (L1) phase at a lower temperature ran
where the spontaneous curvature is positive and where t
have been a number of independent investigations.
analysis using the emulsification failure and interfacial te
sion data gave complementary information on the curva
elasticity of the surfactant monolayer. A comparison b
tween the properties of theL1 and L3 phases provided a
self-consistent test of the applied model, and it was fou
.
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that these phases can be described with the same set o
rameters.

While there is a general agreement on the description
the droplet microemulsion in terms of Eqs.~21!–~23!, there
has been a debate on the thermodynamics of the topo
cally more complexL3 phase~and the analogous balance
microemulsion!. This debate has drawn considerable atte
tion to the first correction term of theF3 scaling and to the
sign of the prefactor. We have argued that the ideal sca
term a3 is negative and that the first correction term is pr
portional toF5 with a positive prefactor, see Eq.~4!. Other
investigators@26,51# have suggested that thea3 is positive
and have included a logarithmic concentration depende
term, i.e.,

G/V5~a31b3 ln F!F31¯ , ~27!

to ensure a finite swelling and equilibrium with excess s
vent (a3 ,b3.0). Equations~4! and~27! arise from different
points of view. Equation~27! reflects the view that stability
is governed by fluctuations; and the logarithmic correct
term was originally introduced through a renormalization
the elastic constants. Equation~4!, on the other hand, is
based on the view that the important parameter is the mo
layer spontaneous curvature. We, unfortunately, cannot
the renormalization model@Eq. ~27!# against our experimen
tal data. Such a test would require specific temperature
pendence of the coefficients, which is lacking in Eq.~27!.

Instead, we focused our attention on Eq.~4! and searched
for an internal consistency in the analysis of the phase e
libria and light scattering data. Such a consistency was fo
not only limited to theL3 phase, but on a more global leve
since the analyses included also the droplet and balan
bicontinuous microemulsions.
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